Introduction {#Sec1}
============

Although the present paper is essentially concerned with sets definable in some o-minimal structure that in addition should be polynomially bounded, many of the results presented herein hold true not only for subanalytic sets (which---recall---do not form an o-minimal structure), but sometimes even in general. This is clearly apparent from the proofs, and we will not stress particularly this fact.

The main motivation for this paper, apart from the fact that medial axes are of utmost importance in pattern recognition and robotics, were the results of \[[@CR1]\] and \[[@CR9]\]. Despite the fact that the subject of medial axes, central sets, skeletons, cut loci (all these notions denote more or less the same concept and are often incorrectly interchanged) has been extensively studied, astonishingly few results concern the relations to singularities. Our purpose is to study the medial axis on the grounds of singularity theory. The bibliography we present is certainly far from being exhaustive.

Preliminaries {#Sec2}
=============
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                \begin{document}$${\mathbb {R}}$$\end{document}$ (for a concise presentation of tame geometry see, e.g. \[[@CR5]\]; for simplicity, one can always think about semi-algebraic sets, see also \[[@CR6]\]). On the other hand, when we speak of subanalytic sets (see \[[@CR7]\] or \[[@CR8]\]), then we should keep in mind that they do not form an o-minimal structure unless we control them at infinity (or near the boundary). This does not play any role in the local case, but from the global point of view, the difference is important (see \[[@CR7]\] and \[[@CR9]\]).

In this section, we present several facts that are of some use. Actually, most of them hold in general, as can be seen from the proofs. The same is true for the results presented in Sect. [2](#Sec2){ref-type="sec"}. When the definability is needed, we shall state it clearly.
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Of course, the upper limit contains the lower one, and both are *closed sets* that do not alter if we replace the values of *F* by their closures. For details in respect of the definable case, see \[[@CR6]\]. In particular,$$\documentclass[12pt]{minimal}
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Medial Axis, Normal Sets and Central Set {#Sec3}
----------------------------------------

We may see *X* as the boundary of the open set $\documentclass[12pt]{minimal}
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### Definition 2.1 {#FPar1}
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By the strict convexity of the norm, $\documentclass[12pt]{minimal}
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There are two more useful sets as far as the realization of the distance is concerned. Namely, *the normal set* $$\documentclass[12pt]{minimal}
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### Proposition 2.2 {#FPar2}
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### Proof {#FPar3}

\(1\) is obvious, (2) is discussed in \[[@CR15]\] and \[[@CR9]\]. In order to prove that *N*(*a*) is definable or subanalytic as a multifunction, it suffices to observe that its graph coincides with the graph $\documentclass[12pt]{minimal}
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### Example 2.3 {#FPar4}
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                \begin{document}$$N(a)=\overline{N'(a)}$$\end{document}$.

### Example 2.4 {#FPar5}

It is obvious that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in {\mathrm {int}} X$$\end{document}$ implies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\#N(a)=1$$\end{document}$. We do not have necessarily the converse implication:

Consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X=\{y\le |x|^{3/2}\}$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_X=\{0\}\times (0,+\infty )$$\end{document}$ (see, e.g. Lemma [3.17](#FPar63){ref-type="sec"}) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N((0,0))=\{(0,0)\}$$\end{document}$.

### Remark 2.5 {#FPar6}

As is easily seen from the example of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y=|x|$$\end{document}$ as *X* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a=(0,0)$$\end{document}$ in (5) from Proposition [2.2](#FPar2){ref-type="sec"}, we usually do not have an equality.

Property (5) does not hold for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N'(a)$$\end{document}$. First of all, the upper limit is always a closed set, while $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N'(a)$$\end{document}$ need not be so, as we have just seen. But apart from that, we cannot hope even for an inclusion $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\limsup _{X\ni a_\nu \rightarrow a} N'(a_\nu )\subset N'(a)$$\end{document}$ as can be seen by taking$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} X=\left( (-\infty ,1]\times \{-1,1\}\right) \cup \left\{ (x-1)^2+y^2=1, x\ge 1\right\} \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a=(1,1)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_\nu =(1-1/\nu ,1)$$\end{document}$. Here $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N'(a_\nu )=\{a_\nu \}\times (0,+\infty )$$\end{document}$ and so the upper limit equals $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{1\}\times [0,+\infty )$$\end{document}$, while $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N'(a)=\{1\}\times (0,+\infty )$$\end{document}$.

Of course, there is always $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\limsup _{X\ni b\rightarrow a} N'(b)\subset \overline{N'(a)}$$\end{document}$ in view of the next result.

### Proposition 2.6 {#FPar7}

We always have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N(a)=\overline{N'(a)}$$\end{document}$.

### Proof {#FPar8}

Obviously, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{N'(a)}\subset N(a)$$\end{document}$, the latter being closed. Take a point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in N(a)\setminus N'(a)$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\ne a$$\end{document}$ and by Proposition [2.2](#FPar2){ref-type="sec"} (4) we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[a,x)\subset N'(a)$$\end{document}$ which ends the proof. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Theorem 2.7 {#FPar9}

There is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} M_X=\bigcup _{a\in X} N(a)\setminus N'(a)=\bigcup _{a\in X} N(a)\setminus \bigcup _{a\in X} N'(a)={\mathbb {R}}^n\setminus \bigcup _{a\in X} N'(a) \end{aligned}$$\end{document}$$

### Proof {#FPar10}

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in M_X$$\end{document}$ we take any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in m(x)$$\end{document}$ and clearly $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in N(a)\setminus N'(a)$$\end{document}$. On the other hand, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in N(a)\setminus N'(a)$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in m(x)$$\end{document}$ is not the only point in *m*(*a*), whence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in M_X$$\end{document}$.

In the second equality, the set on the left-hand side clearly contains the set on the right-hand side. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in N(a)\setminus N'(a)$$\end{document}$, then *m*(*x*) does not reduce to a singleton, and hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\notin N'(b)$$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b\in X$$\end{document}$.

The last equality follows from the obvious observation that there is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigcup _{a\in X}N(a)={\mathbb {R}}^n$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Remark 2.8 {#FPar11}

Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N'(a)\cap N'(b)=\varnothing $$\end{document}$ as well as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N'(a)\cap N(b)=\varnothing $$\end{document}$, provided $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\ne b$$\end{document}$. Under the same condition, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N(a)\cap N(b)\subset M_X$$\end{document}$, as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_X=\{x\in {\mathbb {R}}^n\mid \#m(x)\ge 2\}$$\end{document}$.

### Proposition 2.9 {#FPar12}

In the definable case, the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X':=\{a\in X\mid N'(a)\subsetneq N(a)\}$$\end{document}$ isdefinable,empty iff $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_X=\varnothing $$\end{document}$.

### Proof {#FPar13}

Ad(1): Remark that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X'$$\end{document}$ is the image of the difference of definable graphs $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma _N\setminus \Gamma _{N'}\subset X\times {\mathbb {R}}^n$$\end{document}$ by the projection onto *X*.

Ad (2): This is obvious. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Remark 2.10 {#FPar14}

Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X'$$\end{document}$ need not be dense in *X* if only $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_X\ne \varnothing $$\end{document}$. Indeed, take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X=(-\infty ,0]\times \{0\}\cup \{(1,0)\}$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X'=\{(0,0), (1,0)\}$$\end{document}$.

Another notion closely related to the medial axis is the central set.

### Definition 2.11 {#FPar15}

We call $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {B}(x,r)\subset \Omega $$\end{document}$ a *maximal ball* for $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$, if$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbb {B}(x,r)\subset \mathbb {B}(x',r')\subset \Omega \ \Rightarrow \ x=x', r=r'. \end{aligned}$$\end{document}$$The set of the centres of maximal balls for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$ is called the *central set*. We denote it by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_X$$\end{document}$.

### Remark 2.12 {#FPar16}

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {B}(x,r)$$\end{document}$ is a maximal ball, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r=d(x,X)$$\end{document}$. Moreover, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_X$$\end{document}$ is clearly definable, if *X* is such (cf. \[[@CR3]\]).

There are two natural characterizations of the medial axis and the central set that sometimes prove rather useful:

### Lemma 2.13 {#FPar17}

There is$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in M_X\ \Leftrightarrow \ \exists a\in m(x):x\notin N'(a)$$\end{document}$;$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in C_X\ \Leftrightarrow \ \exists a\in m(x):({\mathbb {R}}_+(x-a)+a)\cap N(a)=[a,x].$$\end{document}$Moreover, in both cases $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\exists $$\end{document}$ can be replaced by $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\forall $$\end{document}$.

### Proof {#FPar18}

The first equivalence is a reformulation of Theorem [2.7](#FPar9){ref-type="sec"} together with the remark following it, as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$a\in m(x)$$\end{document}$ means exactly $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in N(a)$$\end{document}$. The second one requires a short discussion.

Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\mathbb {R}}_+(x-a)+a)\cap N(a)$$\end{document}$ is always a closed segment. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in C_X$$\end{document}$, the radius of the maximal ball *B* centred at *x* is *d*(*x*, *X*). Hence, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{B}\cap X=m(x)$$\end{document}$. For any point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in m(x)$$\end{document}$ and any point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y\in ({\mathbb {R}}_+(x-a)+a)\cap N(a)$$\end{document}$, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$[a,y]\subset N(a)$$\end{document}$ and so $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$[a,x]\subsetneq [a,y]$$\end{document}$ implies $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$B\subsetneq \mathbb {B}(y,||y-a||)\subset {\mathbb {R}}^n\setminus X$$\end{document}$ contradicting $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$x\in C_X$$\end{document}$.

On the other hand, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\mathbb {R}}_+(x-a)+a)\cap N(a)=[a,x]$$\end{document}$, then for any ball $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$\mathbb {B}(x,||x-a||)\subset \mathbb {B}(y,r)\subset {\mathbb {R}}^n\setminus X$$\end{document}$ we necessarily have $\documentclass[12pt]{minimal}
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                \begin{document}$$a\in \partial \mathbb {B}(y,r)$$\end{document}$ together with $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$r=||y-a||$$\end{document}$ and so $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y\in ({\mathbb {R}}_+(x-a)+a)\cap N(a)$$\end{document}$. This implies $\documentclass[12pt]{minimal}
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                \begin{document}$$y=x$$\end{document}$ and so $\documentclass[12pt]{minimal}
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One last notion, closely related to the previous ones is that of the *conflict set* of a given finite family of nonempty sets (cf. \[[@CR1]\]):

### Definition 2.14 {#FPar19}
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### Remark 2.15 {#FPar20}
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Naturally, the definition makes sense also in any metric space. In particular, if all the sets $\documentclass[12pt]{minimal}
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Some Remarks on the Multifunction *m*(*x*) {#Sec4}
------------------------------------------
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### Proof {#FPar22}

The result follows directly from \[[@CR12]\] Corollary 6.4. To prove the particular cases, we use the computations made above for the strong pre-image of *N* of $\documentclass[12pt]{minimal}
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Now, we can add a property of *m*(*x*) that is useful in this context (no definability is needed).

### Proposition 2.17 {#FPar23}

The multifunction *m*(*x*) is upper semi-continuous: $\documentclass[12pt]{minimal}
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### Proof {#FPar24}
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As for the converse inclusion, by \[[@CR12]\], we have nothing to prove, if $\documentclass[12pt]{minimal}
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### Remark 2.18 {#FPar25}
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Another useful fact is the following observation that holds in general.

### Proposition 2.19 {#FPar26}
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### Proof {#FPar27}

Obviously, by the preceding Proposition, $\documentclass[12pt]{minimal}
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On the Distance Function and the Medial Axis {#Sec5}
--------------------------------------------

As already observed in \[[@CR17]\] (without a proof), the set $\documentclass[12pt]{minimal}
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### Lemma 2.20 {#FPar28}
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Actually, we will need a slightly altered version of this lemma:

### Lemma 2.21 {#FPar29}

The function *d*(*x*) is differentiable at any $\documentclass[12pt]{minimal}
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### Proof {#FPar30}
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The last part of the Lemma follows from \[[@CR4]\] together with Proposition [2.17](#FPar23){ref-type="sec"}. $\documentclass[12pt]{minimal}
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Part of the following theorem appeared as Proposition 2.2 in \[[@CR17]\] without a proof. In order to make our paper self-contained, we give a direct proof---independent of \[[@CR4]\] Theorem 2.1 evoked in \[[@CR17]\]---of a slightly extended version of this result[7](#Fn7){ref-type="fn"}.
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### Remark 2.24 {#FPar35}
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The relation between the medial axis and the central set is known (see \[[@CR13]\] and the citation in \[[@CR3]\]) and given in the following theorem which we prove in a different way than it is done in \[[@CR13]\]. All the same, our proof is most probably a standard one.
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### Remark 2.26 {#FPar38}

The inclusions may be strict: for the first one consider $\documentclass[12pt]{minimal}
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These inclusions, although simple, prove often useful, for example:

### Theorem 2.27 {#FPar39}
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### Proof {#FPar40}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r=d(x_r,X)$$\end{document}$.
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### Remark 2.28 {#FPar41}

Taking the closure in the proof is necessary as we can see from the example $\documentclass[12pt]{minimal}
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Reaching of Singularities of Hypersurfaces {#Sec6}
==========================================

Let us fix some more notation: for $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathrm {Reg}}_k X:=\left\{ x\in X\mid X\> \hbox {is a}\> {\mathcal {C}}^k-\hbox {submanifold at}\> x\right\} \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
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                \begin{document}$$k=\omega $$\end{document}$, we omit the index.

Of course, even a plane analytic curve can have almost any type of singularity in the sense that $\documentclass[12pt]{minimal}
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Example 3.1 {#FPar42}
-----------

Take two relatively prime integers $\documentclass[12pt]{minimal}
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The starting point of our considerations is the observation made in \[[@CR9]\] that there are natural instances when $\documentclass[12pt]{minimal}
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                \begin{document}$$M_X$$\end{document}$ reaches the singularities of *X*. However, this does not happen always.

Example 3.2 {#FPar43}
-----------
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                \begin{document}$$X_3$$\end{document}$ have the same kind of singularity, their geometric radii of curvature (we will define this precisely later on) are different.

Remark 3.3 {#FPar44}
----------

It is worth to note at this point that for a given $\documentclass[12pt]{minimal}
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We will need the following result completing a Lemma of Yomdin (Part 3, Lemma 1 in \[[@CR17]\]):

Lemma 3.4 {#FPar45}
---------
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                \begin{document}$$\begin{aligned} d(x,X)=\min _{j=1}^k d(x,X_j), \quad x\in U. \end{aligned}$$\end{document}$$

Proof {#FPar46}
-----
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Suppose that there is a sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_\nu \rightarrow x_0$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Remark 3.5 {#FPar47}
----------

In the situation of the Lemma above, we have in particular that $\documentclass[12pt]{minimal}
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General Remarks on Hypersurface Singularities {#Sec7}
---------------------------------------------

We suppose that *X* is locally homeomorphic to $\documentclass[12pt]{minimal}
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### Lemma 3.6 {#FPar48}
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### Proof {#FPar49}
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### Proposition 3.7 {#FPar50}
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### Proof {#FPar51}
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### Proposition 3.8 {#FPar52}
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Observe that having a local minimum at *a* does not necessarily mean that *a* realizes the distance of $\documentclass[12pt]{minimal}
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Superquadratic Functions {#Sec8}
------------------------

Motivated by the examples considered so far, we introduce the notion of *superquadraticity*.

Let *X* be the graph of a non-negative continuous function germ $\documentclass[12pt]{minimal}
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### Definition 3.9 {#FPar54}

In this situation, we call *X* *superquadratic* at the origin, if the function $\documentclass[12pt]{minimal}
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There are two other closely related definitions:

### Definition 3.10 {#FPar55}

We define the *order at zero* of a continuous definable function germ $\documentclass[12pt]{minimal}
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### Remark 3.11 {#FPar56}

Clearly, the definition is well-posed since we are in a polynomially bounded o-minimal structure, by the Łojasiewicz inequality. It is a mere exercise to prove that in one variable $\documentclass[12pt]{minimal}
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By the methods used by Bochnak and Risler in \[[@CR2]\] Theorem 1, it is easy to show that the least upper bound in the definition is in fact attained.

Note also that the inequality defining the order is satisfied with any exponent $\documentclass[12pt]{minimal}
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### Definition 3.12 {#FPar57}

We call *sectional order at zero* for a definable function $\documentclass[12pt]{minimal}
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In the next subsection, we will give yet one more characterization of superquadraticity (Proposition [3.18](#FPar65){ref-type="sec"}).
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Plane Case {#Sec9}
----------
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                \begin{document}$${\mathbb {R}}^2$$\end{document}$).

Observe that the curve $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \ge 1$$\end{document}$. By analogy to the Definition [3.9](#FPar54){ref-type="sec"}, we say that this curve is *superquadratic* at zero iff $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \begin{document}$$\alpha <2$$\end{document}$. In particular, if *X* is a graph, it is superquadratic iff one of the two branches is superquadratic. Let us note the following easy lemma.

### Lemma 3.17 {#FPar63}

If $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$\gamma :[0,\varepsilon )\rightarrow [0,+\infty )$$\end{document}$ is superquadratic with $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma (0)=\gamma '(0)=0$$\end{document}$, then for any $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$\gamma $$\end{document}$ inside.

### Proof {#FPar64}

It follows from the obvious observation that if $\documentclass[12pt]{minimal}
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                \begin{document}$$g:[0,r)\rightarrow {\mathbb {R}}_+$$\end{document}$ denotes the usual parametrization of the lower part of the circle $\documentclass[12pt]{minimal}
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                \begin{document}$$g(x)<\gamma (x)$$\end{document}$ for small *x*. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

This Lemma is an observation that leads to yet another characterization of superquadraticity for any hypersurface $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{mathrsfs}
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                \begin{document}$$X\subset {\mathbb {R}}^n$$\end{document}$:

### Proposition 3.18 {#FPar65}

Let $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \begin{document}$$X\subset {\mathbb {R}}^n$$\end{document}$ be a closed definable set such that the tangent cone $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \begin{document}$$C_0(X)$$\end{document}$ is a linear hyperplane and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$$\nu (0)$$\end{document}$ is a unit normal to *X* at 0.

### Proof {#FPar66}

Choose coordinates in $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu (0)=(0,1)$$\end{document}$.
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                \begin{document}$$|f(x)|\le (1/r)||x||^2$$\end{document}$ which means by Proposition [3.13](#FPar58){ref-type="sec"} that *X* is not superquadratic.
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                \begin{document}$$\mathbb {B}((0,r),r)$$\end{document}$. This readily implies that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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We go back to the plane case.

First, we recall that for a $\documentclass[12pt]{minimal}
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### Theorem 3.19 {#FPar67}
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                \begin{document}$$0\in \overline{M_X}$$\end{document}$ iff *X* is superquadratic at the origin.

### Proof {#FPar68}

The problem is local and so we may assume that $\documentclass[12pt]{minimal}
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### Example 3.20 {#FPar69}

In more variables, the situation is not that clear. Consider *X* to be the graph of $\documentclass[12pt]{minimal}
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### Theorem 3.21 {#FPar70}
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### Remark 3.22 {#FPar71}

By the Nash Lemma (see, e.g. \[[@CR9], Lemma 1.1\]), if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0\in {\mathrm {Reg}}_2 X$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_X$$\end{document}$ stays away from *X* in a neighbourhood of the origin. Hence, both Theorems above together with Proposition [3.24](#FPar74){ref-type="sec"} below completely describe the reaching of the singularities in the plane case.

### Proof {#FPar72}

If we restrict to a neighbourhood of zero, then we may assume that $\documentclass[12pt]{minimal}
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### Remark 3.23 {#FPar73}

Note that in general, for two distinct closed sets *X*, *Y* with a unique common point $\documentclass[12pt]{minimal}
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By throwing away the open territories of *X* and *Y* from the medial axis, we make sure there are no 'self-conflict' parts left. On the other hand, getting rid of *C*(*X*, *Y*) from the conflict set is important in view of the example given in Remark [2.15](#FPar20){ref-type="sec"}.
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### Proposition 3.24 {#FPar74}
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### Proof {#FPar75}
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We end this section by describing the tangent cone of $\documentclass[12pt]{minimal}
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Finally, let us recall one theorem from \[[@CR1]\] that we shall use in the proof.

### Theorem 3.26 {#FPar77}
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### Theorem 3.27 {#FPar78}
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### Proof {#FPar79}
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### Example 3.28 {#FPar80}

In the non-definable setting, the tangent cone $\documentclass[12pt]{minimal}
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### Example 3.29 {#FPar81}
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From the last Theorem, we obtain a kind of symmetry property of plane analytic curves.
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### Remark 3.31 {#FPar84}

It follows from this Corollary that, for instance, the superquadratic curve $\documentclass[12pt]{minimal}
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==================================================================
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-----------------------------------------------------------------------------------

We begin with a not so obvious proof of an obvious fact:

### Proposition 4.1 {#FPar85}
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Indeed, we have just shown that *V* is a convex cone. Let *k* denote the maximal number of linearly independent vectors in $\documentclass[12pt]{minimal}
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### Remark 4.2 {#FPar87}

By homothety, we easily see that for any closed cone *V* with vertex at *a*, $\documentclass[12pt]{minimal}
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Observe also that assumption (2) implies that *V* is nonlinear, i.e. not a vector subspace.

We need both assumptions in the Proposition above:

### Example 4.3 {#FPar88}
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It follows from the definition of the tangent cone $\documentclass[12pt]{minimal}
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In particular, if we assume that $\documentclass[12pt]{minimal}
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The general idea is clear: we obtain the tangent cone by looking at *X* in the point 0 through a strong magnifying glass so that it becomes a set of half-lines; it is thence natural to expect that near 0 the medial axis of *X* should behave like the medial axis of the cone itself.

### Remark 4.4 {#FPar89}

Note that this does not solve the problem $\documentclass[12pt]{minimal}
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Not only this remark should stop our optimism, but also the following example:

### Example 4.5 {#FPar90}
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In view of this example, the best result we can have is the following one obtained using the main result of \[[@CR10]\]:

### Theorem 4.6 {#FPar91}
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### Proof {#FPar92}
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### Remark 4.7 {#FPar93}

It is possible to give a straightforward proof which, however, requires rather technical computations.
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Let us note that for a smaller neighbourhood $\documentclass[12pt]{minimal}
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### Remark 4.8 {#FPar94}
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### Proposition 4.9 {#FPar95}
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### Proof {#FPar96}
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From this, we immediately obtain

### Corollary 4.10 {#FPar97}
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### Proof {#FPar98}

It is sufficient to note that for $\documentclass[12pt]{minimal}
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We can complete the discussion by the following result.

### Theorem 4.19 {#FPar109}
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### Proof {#FPar110}
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Reaching Radius {#Sec13}
---------------

The previous subsection suggests some possible notions of *reaching radius* that could detect the approaching of $\documentclass[12pt]{minimal}
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A kind of reach radius that immediately sees the approaching of the medial axis would be the following. Let $\documentclass[12pt]{minimal}
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### Proposition 4.20 {#FPar111}
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### Corollary 4.21 {#FPar113}
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### Proof {#FPar114}

The equivalence of the two first conditions is clear, for the third one we invoke Theorem 2.7 again. Indeed, $\documentclass[12pt]{minimal}
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### Corollary 4.22 {#FPar115}
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### Proof {#FPar116}

By Clarke's results and our previous remarks, $\documentclass[12pt]{minimal}
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### Remark 4.23 {#FPar117}
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A much more general approach is possible, partially inspired by Theorem [4.19](#FPar109){ref-type="sec"}.

Consider a closed, definable, nonempty set $\documentclass[12pt]{minimal}
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### Definition 4.24 {#FPar118}
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### Remark 4.25 {#FPar119}
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### Proposition 4.26 {#FPar120}
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### Proof {#FPar121}
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Ad (3). This follows directly from our previous considerations.
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### Lemma 4.27 {#FPar122}
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### Theorem 4.28 {#FPar124}
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### Proof {#FPar125}
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### Example 4.29 {#FPar126}
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This settles the definability of $\documentclass[12pt]{minimal}
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### Proof {#FPar130}
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### Theorem 4.32 {#FPar131}

In the situation considered, the function $\documentclass[12pt]{minimal}
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### Proof {#FPar132}
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We end with some more general properties of the introduced radius.

### Theorem 4.33 {#FPar133}
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### Proof {#FPar134}
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### Remark 4.34 {#FPar135}
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### Theorem 4.35 {#FPar136}
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### Proof {#FPar137}
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Suppose the claim holds true. Then two things can happen.
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In our case, we know that the vectors *v*(*t*) are proximal.
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For compact sets, it is the usual Hausdorff distance, and for closed ones, it is the metric giving the Kuratowski convergence.
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Roughly speaking, if *NX* is the normal bundle of *X*, then the focal points of *X* are exactly those points at which the Jacobian of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a,v)\mapsto a+v$$\end{document}$, from *NX* to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^n$$\end{document}$, vanishes, which means that at this point nearby normals intersect. Along a normal line $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(T_aX)^\bot +a$$\end{document}$, there are at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n-1$$\end{document}$ focal points located at points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a+(1/k_i(a))\nu (a)$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_i(a)$$\end{document}$ is the *i*-th principal curvature and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu (a)$$\end{document}$ is a unit normal after fixing a unit normal vector field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu $$\end{document}$ on *X* near *a*.

Also in this case the upper bound is attained. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|f_i(x)|\le c_i||x||^{\theta _i}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$||x||\ll 1$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_i>0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta _i={\mathrm {ord}}_0 f_i$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\max |f_i(x)|\le (\max c_i)||x||^{\min \theta _i}$$\end{document}$ whence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {ord}}_ 0 f\ge \min \theta _i$$\end{document}$. On the other hand, for the Euclidean norm we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$||f(x)||\le |f_i(x)|$$\end{document}$ for any *i*, whence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {ord}}_0 f\le \theta _i$$\end{document}$.

We even have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {ord}}_0 g_{|f|}\ge {\mathrm {ord}}_0 f\cdot {\mathrm {ord}}_0\gamma $$\end{document}$ since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|f(\gamma (r))|\le {\mathrm {const.}}||\gamma (r)||^{{\mathrm {ord}}_0 f}$$\end{document}$. But $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$||\gamma (r)||\le {\mathrm {const.}} r^{{\mathrm {ord}}_0\gamma }$$\end{document}$, so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_{|f|}(r)\le {\mathrm {const.}} r^{ {\mathrm {ord}}_0 f\cdot {\mathrm {ord}}_0 \gamma }$$\end{document}$.

If the point (*a*, *b*) is sufficiently close to (*x*, *f*(*x*)), then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d((a,b),\Gamma _f\cap U)=d((a,b),\Gamma _f)$$\end{document}$. More precisely, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U=\mathbb {B}((x,f(x)),R)$$\end{document}$, then it is sufficient that (*a*, *b*) be taken in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {B}((x,f(x)),R/2)$$\end{document}$.

Note the definability implies that the two branches $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma _i$$\end{document}$ can be seen as graphs with constant convexity.

Indeed, in a possibly smaller *B*, the two branches lie entirely outside $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_0(X)\setminus \{0\}$$\end{document}$ and so does the region $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_1$$\end{document}$ between them.

i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{C_\varepsilon }\cap X$$\end{document}$ consists of two distinct points, one on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma _1$$\end{document}$, the other on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma _2$$\end{document}$.

If *X* is defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|y|=x^2$$\end{document}$, then the branches $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y=\pm x^2$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\ge 0$$\end{document}$ are consecutive, but not the branches $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y=x^2,x\le 0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y=-x^2,x\ge 0$$\end{document}$
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This can be also obtained from the definability of $\documentclass[12pt]{minimal}
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meaning its derivative is Lipschitz.

The converse is more delicate as the function $\documentclass[12pt]{minimal}
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Remark that this intersection could lie outside *U* as in the example of $\documentclass[12pt]{minimal}
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In connection to this, an interesting example is that of the graph of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x,y)=y|x|^{3/2}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y\ge 0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x,y)=0$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y <0$$\end{document}$. Here $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_{\pm \nu }(0)>0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_{\pm \nu }(x,y)\ge {\mathrm {const.}}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y<0$$\end{document}$, but $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_{(0,0,1)}(0,y)=0$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y>0$$\end{document}$.
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